A spheroidal-coordinate-based transition matrix is derived for acoustic and elastic wave scattering. The formalism is based on Betti's third identity and an appropriately chosen set of vector spheroidal basis functions. Transition matrices are obtained for the scattering from an elastic inclusion in an elastic medium and in an inviseid fluid.
INTRODUCTION
The transition matrix approach to acoustic and elastic wave scattering was introduced by Waterman•-• and further refined and developed by a number of authors? s While this approach has been successfully applied to scattering in the low kL/2 region Ik = wavenumber, L = diameter of sphere circum•ribing the scatterer), calculations have been computer limited to.small aspect ratio scatterers. 9 As the aspect ratio of the scatterer increases, the system of equations generated by the T-matrix method becomes ill-conditioned and the number of terms required in the expansion of the surface traction and surface displacement of the scatterer increases dramatically.
The apparent source of this difficulty is the set of global basis functions used. For finite three-dimensional geometries, the T matrix has been based on the separable solutions of the vector Helmholtz equation in spherical coo•rdinates, and the domain of convergence of expansions in these solutions is not appropriate for .the description of elongated objects. From this point of view, prolate spheroidal coordinates are a more natural candidate for the description of scattering from large aspect ratio bodies. Bates and Wall •ø have successfully considered the scattering of scalar waves using the separable solutions to the scalar Helmholtz equation in this coordinate system, realizing a considerable advantage over the more conventional approach. Unfo.rtunately the vector Helmholtz equation is not separable in spheroidal coordinates and it appears that it is impossible to analytically construct a Green's tensor for general waves in this coordinate system. n'12 Naturally, this has inhibited investigations of scattering involving elastic media in spheroidal coordinates.
In the present paper, we resolve this difficulty. We do not attempt to construct a Green's tensor, but instead utilize Betti's third identity •3 to establish a spheroidal coordinate based T matrix. We do not rigorously establish the domain of convergence of the vector spheroidal expansions in the present paper. Instead we develop the formalism into a calculable form and obtain the transition matrices for the scattering from an elastic inclusion in an elastic medium and in an inviscid fluid. Briefly, the organization of this paper is as follows. In Secs. I-III, we define a set ofglobal basis states in prolate spheroidal coordinates and use Betti's third identity to derive certain integral identities involving these basis states which serve as the foundation of our approach. In Secs. IV-VII, we obtain the mathematical representation of Huygen's principle and use this result to derive a spheroidal coordinate based Treatfix for acoustic and elastic wave scattering. In Sec. VIII, we consider sound-hard and sound-soft scatterers, and in Sec. IX, we discuss the extension to other coordinate systems and to electromagnetic scattering. Appendix A is consigned to a brief discussion of the solutions to the scalar Helmholtz equation and the presentation of explicit forms for our global basis functions. Appendix B gives a convergence proof.
Throughout this paper, we use tensor notation. To prevent confusion, the specific greek indices a, fi, p, v, 
where 2fis the interfocal distance.
It is well known that while the scalar Helmholtz equation is separable in prolate spheroidal coordinates, the vector 
has not been applied to elastic wave scattering in this coordinate representation and the selection of a convenient set of basis functions is open. Our selection, indicated below, is determined by general considerations. In the following, we separate the vector solution to Eq. (1) into longitudinal (irrotational) and transverse (solenoidal) parts 
t(u) = t(ge ).) + t().). (59)
where we have used the fact that O is symmetric. From Eqs. {77}-{79), we see that, as compared to the spherical result, we must generate and invert one additional matrix, O. However, this presents no special difficulty, as this real, symmetric matrix is trivial to calculate and it is not ill-conditioned. 
VI. TMATRIX FOR
•fn = E•nn ' b.,,
Here, however, R is not a square matrix and we cannot straighfforwardly invert F.q. (88). Bostrom s has shoWn the correct way to proceed for the spherical-coordinate based T matrix, and we follow his treatment here. Utilizing Eqs. (80) and ( With regard to { 1), the formal demonstration of convergence and completeness is likely just a straightforward extension of existing work on spherical expansions and this line is presently being pursued. With regard to (2} however, we note that the generation of the spheroidal functions is a nontrivial matter," due in part to the lack of recursion relations among these functions. As a first practical calculation, in a subsequent paper we will apply this formalism to the acoustic scattering from an elastic prelate spheroid immersed in water. This should provide a good proving ground for determining the efficacy of the approach for large aspect ratio scatterers.
The present work can be trivially extended to electromagnetic scattering by deleting all reference to the irrota-tional degree of freedom (i.e., l•3om I)• Further, as much of our formalism has been written covariantly, the extension to other coordinate systems in which the scalar Helmholtz equation is separable is straightforward. 
